Abstract. For an arbitrary complex algebraic variety which is not necessarily pure dimensional, the intersection complex can be defined as the direct sum of the Deligne-GoreskyMacpherson intersection complexes of each irreducible component. We give two axiomatic topological characterizations of the middle perversity direct sum intersection complex, one stratification dependent and the other stratification independent. To accomplish this, we show that this direct sum intersection complex can be constructed using Deligne's construction in the more general context of topologically stratified spaces. A consequence of these characterizations is the invariance of this direct sum intersection complex under homeomorphisms.
Introduction
In [6] , Goresky and Macpherson introduce the intersection (co)homology groups for a topological pseudomanifold. In [7] , Goresky and Macpherson construct a complex of sheaves whose (hyper)cohomology gives the intersection homology groups. This complex of sheaves is called the (Deligne-Goresky-Macpherson) intersection complex and the construction is referred to as Deligne's construction. They show that the intersection complex is uniquely characterized (up to canonical isomorphism) by certain axioms. A consequence of this characterization is that the intersection complex, and hence the intersection homology, is invariant under homeomorphisms. Irreducible, or even pure dimensional, (complex algebraic) varieties can be viewed as topological pseudomanifolds and intersection homology is a useful tool for understanding their topology; see [4] . Arbitrary varieties, however, cannot be viewed as topological pseudomanifolds because their irreducible components may have differing dimensions. Instead, they must be viewed as topologically stratified spaces; see §2.1.
For arbitrary varieties, there is still a natural candidate for the intersection complex. In [2] , de Cataldo defines the (middle perversity) intersection complex of a variety as a direct sum of the middle perversity Deligne-Goresky-Macpherson intersection complexes of each irreducible component. He then observes that this complex satisfies virtually all of the properties of the usual intersection complex for irreducible varieties, e.g. Poincaré duality, existence of mixed and pure Hodge structures, Lefschetz theorems, etc. In [3] , de Cataldo and Maulik prove the homeomorphism invariance of the intersection complex as a lemma and use it to prove that the perverse Leray filtration for the Hitchin morphism is independent of the complex structure of the curve. An axiomatic characterization of the intersection complex, analogous to the one given by Goresky and Macpherson for pseudomanifolds, is desirable because it gives a topological criterion for determining which complexes can be the intersection complexes. Example 4.2 in §4 shows that although each summand of the intersection complex is characterized by the axioms proposed by Goresky and Macpherson, it is not so clear which axioms characterize the direct sum.
The main goal of this paper is to give an axiomatic topological characterization of the middle perversity intersection complex of an arbitrary variety which is not necessarily pure dimensional. Instead of working directly with varieties, we view them as topologically stratified spaces with only even-dimensional strata. Thus, our results will also be valid for complex analytic spaces. We summarize our approach below.
Let X be a topologically stratified space with only even-dimensional strata and stratification X. The stratification X induces an open dense set U ⊆ X ( §3.1) satisfying:
(1) every point of U admits a neighborhood homeomorphic to R 2m for some 1 ≤ m ≤ n, i.e. U = n m=1 U m where U m is a open subset of X which is a topological manifold of real dimension 2m, (2) Z m := U m − U m has topological dimension ( §2.3) less than or equal to 2m − 2.
If V ⊆ X is any other open dense set satisfying (1) and (2) and L is any local system on V , the assumption on the topological dimension of Z m ensures that there is a unique local system L ′ on U which extends L| U ∩V ; see Remark 4.16. We refer to L ′ as the local system associated with L.
In section 3, we construct a complex IC(X, L) of sheaves on X using Deligne's construction with respect to: the (lower) middle perversity, the stratification X, and any local system L on the induced open dense subset U ⊆ X. Proposition 3.9 shows that we can interpret this complex as a direct sum of intersection complexes. In particular, for possibly reducible varieties the complex IC(X, L) is the intersection complex defined by de Cataldo in [2] . In the pseudomanifold case, Deligne's construction begins by using the stratification to induce a filtration of the pseudomanifold by open sets. A key ingredient in our construction of IC(X, L) is a new way of using the stratification to induce a filtration of the stratified space by open sets. Example 3.3 shows that this procedure is more subtle than one might initially expect.
In section 4, we give two characterizations of the complex IC(X, L) which are analogous to the stratification dependent characterization, [AX1] , and the stratification independent characterization, [AX2], of the intersection complex of a topological pseudomanifold given by Goresky and Macpherson in [7] . To emphasize the analogy with the axioms proposed by Goresky A priori the complex IC(X, L) depends on the stratification X and the local system L. Our main result is the following: Theorem 1.1 ( §5). Let X be a topologically stratified space with only even-dimensional strata and V ⊆ X be an open dense set satisfying (1) and (2) above. Let L be a local system on V . There exists a unique (up to canonical isomorphism) complex IC(X, L) satisfying axiom [AX2 ′ ]. It is given by IC(X, L ′ ) for any stratification X and local system L ′ associated with L. In particular, the complex IC(X, L ′ ) is independent of the stratification and the complex IC(X, L) is invariant under homeomorphisms.
This theorem gives another proof of the homeomorphism invariance of the intersection complex proved by de Cataldo and Maulik in [3] for possibly reducible varieties.
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Preliminaries
We begin by fixing some terminology. The word variety means a separated scheme of finite type over the complex numbers C. We endow varieties with the classical topology. In this case, Whitney showed that varieties admit the structure of Whitney stratified spaces [16] . Verdier then showed that there exists a Whitney stratification such that each strata is complex algebraic [15] . Finally, Teissier showed that varieties admit a canonical Whitney stratification for which the strata are algebraic [14] . We work with a fixed regular Noetherian ring R with finite Krull dimension. We shall mainly be concerned with the cases that R = Z, Q, or C. The word sheaf means a sheaf of R-modules. The constant sheaf on a topological space X is denoted by R X . The word complex means a complex of sheaves of R-modules. Let Sh(X) denote the abelian category of sheaves on X, and D b (X) denote the bounded derived category of the abelian category Sh(X).
Topologically Stratified Spaces
We begin by recalling the basic definitions associated with topologically stratified spaces given in [7] . A more detailed discussion can be found in [5, Ch. 2] .
Definition 2.1. The definition of a topological stratified space is inductive. A 0-dimensional topologically stratified Hausdorff space is a countable collection of points with the discrete topology. An n-dimensional topological stratification of a paracompact Hausdorff space X is a finite filtration X by closed subsets (2.1)
and a homeomorphism
We use the convention that cone o (∅) is a point. We often refer to N as a distinguished neighborhood and X as a stratification. In Remark 2.2, we emphasize some important structure of distinguished neighborhoods. In this paper, the words stratified space mean topologically stratified space. To maintain simplicity in our formulas later on, we will make the assumption that stratified spaces do not contain any open 0-dimensional strata, i.e. isolated points.
A consequence of the definition is that stratified spaces satisfy the axiom of the frontier, i.e. the closure of any stratum is a union of lower dimensional strata. We refer the reader to [5, §2.2- §2.3] for proofs.
Remark 2.2. Let X be a stratified space with stratification X and
is the same as the stratification on N induced by X. In particular, if S is a strata of X, then S ∩ N is a union of strata of the form
Remark 2.3. Let X be a stratified space with stratification X. In the special case that X has only even-dimensional strata, X is a 2n-dimensional stratified space and X 2k = X 2k+1 for 0 ≤ k ≤ n − 1. Due to this, we can denote the stratification of X in this case by
We will often abuse notation and write the stratification as
where X k − X k−1 is understood to consist of the 2k-dimensional strata of X. Definition 2.4. A topologically stratified space X is purely n-dimensional if X n − X n−1 is dense in X. A topologically stratified space is purely n-dimensional if and only if every open set has topological dimension n (see §2.3 for a discussion of topological dimension). An ndimensional topological pseudomanifold is a purely n-dimensional topologically stratified space which admits a stratification X such that X n−1 = X n−2 . Definition 2.5. Let X and Y be stratified spaces. A continuous map f :
and a strata preserving homeomorphism F × N → f −1 (N ) which commutes with projection to N .
The Constructible Derived Category
Let X be a topologically stratified space. A sheaf L on X is locally constant if for each x ∈ X, there exists an open set U ⊆ X and an R-module M such that L| U ≃ M U , where M U is the constant sheaf on U associated with the R-module M . A locally constant sheaf L with finitely generated stalks is referred to as a local system. A complex of sheaves S is cohomologically locally constant (CLC) if the associated cohomology sheaves are locally constant. Now, let X be any filtration of X by closed subsets, not necessarily a stratification. A complex of sheaves S is cohomologically locally constant with respect to X (X-clc) if for each k, S| X k −X k−1 is CLC. A complex of sheaves S is constructible with respect to X (X-cc) if S is X-clc and the stalks of the cohomology sheaves are finitely generated. A complex of sheaves S is topologically constructible if S is bounded and S is constructible with respect to some stratification of X. In this paper, the word constructible means topologically constructible. Let (X). Useful references for sheaf theory are [9, 10] . A brief discussion of the constructible derived category can be found in [7, §1.3- §1.15] . For a more complete discussion, we refer the reader to [1] . We will record some of the most useful facts below for convenience.
Let X, Y be stratified spaces with stratifications X and Y respectively. Let f : X → Y be a stratified map with respect to these stratifications. We have the four functors
If X is an oriented manifold and i : Z → X is the inclusion of a locally closed oriented submanifold of codimension d, we have that
Proof. See [9, p. 336].
There are adjunctions (f * , Rf * ) and (Rf ! , f ! ). There is a morphism of functors Rf ! → Rf * which is an isomorphism if f is proper. For an open set U ⊆ X and Z = X − U its closed complement, we have inclusions
Since Z is closed, Ri ! = i ! . This gives rise to the adjunction distinguished triangles
− →,
Lemma 2.7. Let M be a locally contractible topological space and π :
We end with the following important proposition.
Proposition 2.8. Suppose A, B, C are objects in D b c (X) and H a (A) = 0 for a ≥ k + 1. Let ψ : B → C be a morphism such that the induced maps on cohomology H a (B) → H a (C) are isomorphisms for all a ≤ k. Then the map induced by ψ
Proof. See [7, §1.15 ].
Dimension
The dimension of a stratum is simply its dimension as a manifold. In this paper, we will find it necessary to talk about the dimension of arbitrary topological spaces. The notion of dimension that we will use is the notion of topological dimension due to Hurewicz and Wallman, see [8] .
For manifolds, the notion of topological dimension agrees with the notion of dimension of a manifold. For this reason, we take the word dimension to mean topological dimension. If dimX is even, we will sometimes denote dimX 2
by dim C X and refer to dim C X as the complex dimension. We will need the following results.
Lemma 2.9. Let M and N be path connected, locally path connected, and semilocally simply connected topological spaces. Let p :Ñ → N be the universal cover. Let f : M → N be a continuous map. Then the induced map on fundamental groups f * :
is surjective if and only if the pullback covering space f * Ñ = M × NÑ is connected.
Proof. We have a commutative diagram
There is a homeomorphism F ′ ≃ F . The long exact sequence of homotopy groups associated with the universal covering p implies that
The long exact sequence for homotopy groups associated with the covering p ′ implies that there is an exact sequence
Using the two isomorphisms above, we have an exact sequence
From this, we see that the induced map on fundamental groups f * is surjective if and only if f * Ñ is connected.
Proposition 2.10. Any n-dimensional topological manifold cannot be disconnected by a subset of topological dimension ≤ n − 2.
Proposition 2.11. Let M be an n-dimensional manifold and Z ⊂ M a closed subset with topological dimension ≤ n − 2. Then there is a surjection of fundamental groups
Proof. Let p :M → M be the universal covering of M and note thatM is also an n-dimensional manifold. By the previous proposition, it suffices to prove that i * M is connected. Since i is inclusion, i * M =M − p −1 (Z). Since p is a local homeomorphism and topological dimension is a local notion, dimp −1 (Z) ≤ n − 2. By the proposition of Hurewicz and Wallman,
Deligne's Construction for Stratified Spaces
We briefly recall Deligne's construction in the pseudomanifold case described in [7] . Let X be a topological pseudomanifold of dimension n. Fix any stratification X and perversity p. The stratification induces a filtration of X by open subsets
denote the inclusion maps. Define a complex recursively as follows: if L is a local system on U 1 , then set
We see that in the pseudomanifold case, the starting point for Deligne's construction of the intersection complex is a local system on a open dense union of strata, shifited by the dimension of that open dense set. The shift in the pseudomanifold case is well defined because pseudomanifolds are pure dimensional, i.e. all open sets have the same dimension. In the stratified space case, the starting point for Deligne's construction will still be a local system on a open dense union of strata. However, the notion of shifting by dimension becomes more complicated. This is because an open dense set in the stratified space case may consist of many components of different dimensions. Given a local system on an open dense set, restriction gives local systems on each component of fixed dimension. We can then shift each restricted local system by the dimension of the component that it is supported on. We make this more precise below.
In what follows, let X be a topologically stratified space of dimension 2n with only evendimensional strata. We will always explicitly point out when we are using complex dimension. Fix a stratification of X by
where X k − X k−1 consists of 2k-dimensional strata. Let p denote the middle perversity.
Identifying the Open Dense Union of Strata
In this section, we identify an open dense subset of X that will serve as the starting point of Deligne's construction. For each 0 ≤ m ≤ n, let U m be the union of all m-dimensional strata which are open in X and let X m := U m . Since the closure of a strata is a union of strata of lower dimension by the axiom of the frontier, X m is a union of strata and ∂X m = X m − U m is a union of strata of lower dimension. Each X m is therefore a topological pseudomanifold of dimension 2m with stratifications
where
Remark 3.1. If X is already an n-dimensional topological pseudomanifold, then U n = X − X n−1 and U m = ∅ for m < n. Since X is a topological pseudomanifold, U n is dense in X and
Since the closure of any stratum is a union of lower dimensional strata, there are two cases. Fix any stratum
c . This implies that S 1 has empty interior which is a contradiction since S 1 is a nonempty stratum.
Case 2: The strata S 1 does not meet S k for any k = i. This implies that
This contradicts the definition of X m .
In either case, we have a contradiction. So we conclude that ( n m=1 X m ) c = ∅, i.e. U 1 is dense.
The Open Filtration Induced by a Stratification
In this section, we describe a filtration of X by open subsets, beginning with U 1 , induced by a stratification X. The following example shows that in the case of varieties, applying Deligne's construction to certain filtrations by open sets will not produce a direct sum of intersection complexes.
Example 3.3. Let E ⊆ P 2 be a smooth elliptic curve and C E ⊆ C 3 be the affine cone over E. Let L be a line in C 3 passing through the origin that is not contained in C E and
We can view X as a 4-dimensional topologically stratified space with only even-dimensional strata with stratification
With the notation above, U 2 = C E − C ′ − {0} and U 1 = L − {0}. Taking closures, we have X 2 = C E and X 1 = L. We have sets
One possible way to filter X by open subsets is the following. Let
This gives a filtration by open subsets
We apply Deligne's construction to this filtration. Let p denote the middle perversity. On the open dense set U 1 , let
. On U 2 = X, if we truncate at p(2) − 2 = −2, the complex appearing in Deligne's construction is
Here we see that the truncation operation kills off the contribution from the open 1-dimensional stratum. We add this contribution back in using Deligne's construction for U 1 , i.e. on U 2 , set
Notice that I 2 is not a direct sum of intersection complexes since the first summand is truncated at −2 instead of −1. If we instead truncate at p(4) − 2 = −1, we have on U 2 = X the complex
However, the first summand of I ′ 2 is still not the intersection complex of C E . The support condition fails for
The problem with the filtration in the example is that strata of differing dimensions were added at the same stage in the filtration. Our filtration of the stratified space X by open sets described below avoids this issue and is motivated by the following observation. If X is a pseudomanifold with stratification X, then the induced filtration by open subsets is given by
consists of all codimension k strata of X. Moreover, none of these strata can be open since any open subset of pseudomanifold has dimension n. So U k+1 − U k consists of all non-open codimension k strata of X. We would like our filtration of X by open sets to satisfy the same property.
Let
A priori, the sets U k are not necessarily open in X since the sets U m m−n+k = X m − X m−n+k are only locally closed in X. However, we have the following lemma.
Since U n+1 = X, the previous lemma implies that U n is open in X. It follows from descending induction on k that U k is open in X for all 1 ≤ k ≤ n. This gives a finite filtration U of X by open subsets
We will refer to the filtration U as the open filtration induced by X.
We conclude this section with several facts about the structure of the open filtration U.
Proof. Notice that
where the last equality holds since
Since X m is a union of strata and X = ∪ n m=1 X m , S ⊆ X m for some
A similar argument shows that
Let X be a stratification of X and U the open filtration induced by X. Let L be a local system on the open dense subset U 1 ⊆ X. 
and let IC(X, L) = I n+1 . We refer to IC(X, L) as the object obtained by the Deligne's construction with respect to the stratification X and the local system L. Note that this construction only uses the filtration structure of X. We emphasize that we are only shifting the local system by the complex dimension of U m . This is in contrast to the shift applied by Goresky and Macpherson, who shift the local system by the real dimension of U m .
The complex IC(X, L) can be interpreted as a direct sum of intersection complexes. Let X be an n-dimensional topologically stratified space with only even-dimensional strata and stratification X. As in Section 3.1, write X = n m=1 X m where X m is a 2m-even-dimensional topological pseudomanifold with induced stratification X m . Let L = n m=1 L m be a local system on the open dense union of strata U 1 . Let IC(X m , L m ) be object obtained by Deligne's construction with respect to the stratification X m and the local system L m for the pseudomanifold X m . Let a m : X m → X be inclusion. 
where all maps are inclusions. Lemma 3.7 implies that the maps a m
• and a m •+1 are inclusions of closed subsets. It follows that
Now, notice that the complex IC(X, L) is a direct summand of complexes of the form
Using the above commutation relation and the fact that a m • * is exact, we can iteratively move a m 1 * to the left. We conclude that
. We illustrate the construction in the setting of example 3.3. 
Deligne's construction proceeds as follows. On U 1 , set
On U 3 , set
Here we see that both summands of IC(X) = I 3 are intersection complexes.
An Axiomatic Characterization of IC(X, L)
In the pseudomanifold case, Goresky and Macpherson give a stratification independent set of axioms characterizing the intersection complex in [7] . We recall the axioms with respect to the middle perversity for pseudomanifolds with only even-dimensional strata below for convenience. 
x S) = 0} < a for a < n, where i x : {x} → X is inclusion. These axioms differ slightly from the ones proposed by Goresky and Macpherson in [7] because we normalize using complex dimension rather than real dimension.
Let X be a possibly reducible variety. Let X m be the union of all m-dimensional irreducible components of X. Since each X m is irreducible, each X m is a topological pseudomanifold. Let IC(X m ) be the corresponding intersection complexes (with Q coefficients). Recall that the intersection complex (with Q coefficients) IC(X) of X is defined to be IC(X) = 
{0} → P is the inclusion, the support condition axiom [AX2](c) is satisfied. However, notice thatĩ
This implies that the cosupport condition [AX2](d) fails for IC|
In the previous example, we see that the cosupport axiom fails because we first restrict the complex IC to the irreducible component P . If we do not first restrict, notice that
We conclude that for a < 2, dim C {x ∈ P | H a (i ! x IC) = 0} < a. The significance of this observation is that although neither IC nor IC| P satisfies the cosupport condition, IC satisfies a pure dimensional analog of the cosupport condition. We will show in the following sections that a pure dimensional analog of the support and cosupport axioms will help us characterize the complex IC.
In the following sections, let X be a topologically stratified space of dimension 2n with only even-dimensional strata. Fix a stratification X and let 
c) (Attaching) the induced morphism on cohomology sheaves [7] . When X is a pseudomanifold, axioms [AX1 ′ ] reduce to axioms [AX1] . One difference between the axioms is that we do not include a lower bound axiom. This is because the lower bound axiom for pseudomanifolds is actually implied by the other axioms (in particular [AX1](a) and (d)) and is not needed to characterize the intersection complex. We will also not need an analog of the lower bound axiom to characterize the complex IC(X, L). We also do not require that the complex S is X-cc. We will eventually see that if S satisfies axioms [AX1 ′ ], then S is X-cc. This is analogous to Borel's discussion of constructibility in the pseudomanifold case; see [1, V, §3].
Alternative Formulations of [AX1 ′ ](c)
In this section, we give two useful alternative characterizations of 
Restricting gives the distinguished triangle
i ! k S k+1 → i * k S k+1 → i k Rj k * j * k S k+1 [1] − → .
The long exact sequence in cohomology and [AX1
and a ≤ n − k. We now relate this to the vanishing of the costalks
where the second equality holds because α is an open inclusion and the third equality follows from Proposition 2.6 since U k+1 − U k is a topological manifold of real dimension 2(n − k). It follows that
Hence we see that [AX1 ′ ](c') is equivalent to
The main goal of this section is to prove the following theorem. 
We have the two immediate corollaries. 
Notice that W k is closed in U k and let i W k : W k → U k be the inclusion. The normalization and vanishing axioms imply that S| U m 1 ≃ H −m (S) is a local system. We set L m := H −m (S) for 1 ≤ m ≤ n − k + 1. Since U k is a disjoint union of W k and the U m 1 's, S can be expressed as
We will denote the adjunction map S → S W k by pr 1 and the direct sum of adjunction maps
We claim that F k is a functor from C k to C k+1 . It suffices to show that for any S ∈ C k , F k (S) ∈ C k+1 . The normalization and vanishing axioms are all satisfied by definition of F k (S). Since
= S, the attaching axiom is satisfied because the attaching morphism is the composition
The restriction functor j * k is clearly a functor from C k+1 to C k . The key observation is that our original functor F is the composition F = F n • F n−1 • · · · • F 1 and the inverse functor G is the composition G = j * 1 • · · · • j * n−1 • j * n . Theorem 4.5 is therefore a consequence of the following theorem. Theorem 4.8. For k ≥ 1, the functor F k defines an equivalence of categories between C k and C k+1 . The inverse functor G k is j * k .
Proof. Equation 4.2 shows that j * k F k = id C k as a functor. We must also show that F k j * k is isomorphic to id C k+1 as functors, i.e. for any S ∈ C k+1 , we must construct an isomorphism S → F k j * k S such that for any morphism S → T in the category C k+1 , the diagram
. It follows that
The adjunction morphism gives us a morphism
. Therefore, we have a morphism
We also have a morphism
Taking the direct sum of these morphisms gives us a morphism S → F k j * k S. By construction, the morphism S → F k j * k S is an isomorphism over U k . We need to check that it is an isomorphism over
We have thus constructed an isomorphism S → F k j * k S. Since this morphism is constructed as a direct sum of two morphisms, we will check that each summand is a morphism of functors. Let f : S → T be a morphism in the category C k+1 . Consider the diagram
It is clear that the top square commutes and the two trapezoids commute. The left and right triangles commute by the truncation distinguished triangle. The commutativity of the top and bottom trapezoids combined with the commutativity of the left and right triangles imply that
Since S W k+1 ≃ τ ≤k−1−n S W k+1 and θ induces isomorphisms on cohomology sheaves for all a ≤ k − 1 − n, Proposition 2.8 implies that
It follows that the bottom rectangle commutes. Commutativity of the upper and lower rectangles implies that the largest rectangle commutes. Since the diagram
commutes, we conclude that the isomorphism id C k+1 → F k j * k is an isomorphism of functors.
Axioms [AX2 ′ ]
In this section, we give a stratification independent collection of axioms characterizing IC(X, L). 
where i x : {x} → X is the inclusion. We also make a remark on the assumption that S is X-clc. In [7] , it is assumed that S is topologically constructible, i.e. the cohomology sheaves of S also have finitely generated stalks. The finite generation of the stalks of the cohomology sheaves is a consequence of the axioms by Corollary 4.6 and the following proposition. Before proving the proposition, we will need to establish several lemmas. Let X be a topological stratification of X. Recall that U m is the union of all open 2m-dimensional strata of X and X m is defined to be U m . Let W m be the largest set of points in X which admit a neighborhood homeomorphic to R 2m . We can equivalently think of W m as the largest open subset of X which is a topological manifold of real dimension 2m. Proof. We will show that V m and X m are both equal to W m . We first show that X m = W m . Lemma 4.12 implies that X m ⊆ W m . We now show that W m ⊆ X m . Let p ∈ W m and suppose that p / ∈ X m . Since p ∈ W m , there exists a distinguished neighborhood N p of p homeomorphic to R 2m . Since X = n l=1 X l , p ∈ X l for some l = m. Since X l = U l , N p ∩ U l must be nonempty. Let q ∈ N p ∩ U l . Since q ∈ N p , q admits a neighborhood homeomorphic to R 2m . Since q ∈ U l , Lemma 4.12 implies that q admits a neighborhood homeomorphic to R 2l . This is a contradiction because l = m. It follows that p ∈ X m .
The proof that V m = W m is similar.
Remark 4.14. An important consequence of this lemma is that a topologically stratified space X with only even-dimensional strata has a unique decomposition, X = n m=1 X m , into pseudomanifolds of dimension 2m. 
where L m is a local system on V m . Let L = n m=1 L m be the corresponding local system on V . By the previous lemma, the assumption that S is X-clc implies that
where L ′m is a local system on U m . Let L ′ = n m=1 L ′m be the corresponding local system on U 1 . Since dimZ m ≤ 2m − 2, Proposition 2.11 implies that there is a surjection of fundamental groups π 1 (U m ∩ V m ) ։ π 1 (U m ). In particular, this implies that there is a surjection of fundamental groups i * :
x ) and the restriction L| U 1 ∩V corresponds to a representationφ :
Surjectivity of the fundamental groups implies that φ is the unique representation making this diagram commute. To see this, let ψ be another such representation. Then for any [γ] ∈ π 1 (U 1 , x), surjectivity of the fundamental groups says there exists
and so ψ = φ. This implies that the local system L ′ on U 1 is the unique extension of the local system L| U 1 ∩V . We call L ′ the local system on U 1 associated with the local system L on V .
The most important case of this is the constant sheaf. If L| U 1 ∩V ≃ R U 1 ∩V , then the representationφ is trivial. Surjectivity of the fundamental groups implies that the representation φ is trivial, i.e.
This fact is totally false without the surjectivity of fundamental groups. Consider the inclusion S 1 − {p} → S 1 and take any nontrivial local system on S 1 . Then its restriction to S 1 − {p} is trivial. . This implies that the strata contained in {x ∈ X m | H a (i * x S) = 0} cannot meet W k+1 for a > k −1−n. Hence they can only be contained in W k+1 for a ≤ k−1−n, equivalently k ≥ a+n+1. So the strata are contained in W k+1 −W k for some k ≥ a+n+1. By Lemma 3.5, U k+1 −U k = (W k+1 −W k )−U n−k+1 . Since k ≥ a+n+1 and a > −m, we have that n − k + 1 ≤ −a < m. It follows that U n−k+1 cannot be among the strata contained in {x ∈ X m | H a (i * x S) = 0}. This implies that the only allowable strata are contained
is a union of strata, it can only contain strata of complex dimension < −a. These strata are contained in U k+1 − U k ⊆ W k+1 − W k for n − k < −a. So these strata can only be contained in W k+1 for n − k + 1 ≥ −a or equivalently, a ≤ k − 1 − n. This implies that S| W k+1 ≃ τ ≤k−1−n S| W k+1 .
We now prove that S satisfies . In particular, this implies that these strata cannot meet U k+1 − U k for a ≤ n − k. Thus the only allowable strata are contained in
is a union of non-open strata, it can only contain strata of complex dimension < a. These strata are contained in U k+1 − U k for a > n − k.
Topological Independence of IC(X, L)
The main goal of this section is to prove Theorem 1.1. Let X be a topologically stratified space of dimension 2n with only even-dimensional strata. Let V ⊆ X be an open dense subset of X satisfying (1) every point of V admits a neighborhood homeomorphic to R 2m for some 1 ≤ m ≤ n, i.e. V = n m=1 V m where V m is a open subset of X which is a topological manifold of real dimension 2m, (2) Z m := V m − V m has topological dimension less than or equal to 2m − 2. Theorem 1.1. Let X and V be as above. Let L be a local system on V and X be any stratification of X. Let L ′ be the local system associated with L as in Remark 4.16. There exists a unique (up to canonical isomorphism) complex IC(X, L) satisfying axiom [AX2 ′ ]. It is given by IC(X, L ′ ), constructed in equation 3.5. In particular, the complex IC(X, L ′ ) is independent of the stratification and the complex IC(X, L) is invariant under homeomorphisms.
To prove Theorem 1.1, we follow the same strategy as Goresky and Macpherson in [7] . The main difficulty is that we need some way of comparing objects in D b c (X) satisfying [AX1 ′ ] with respect to two different stratifications, which may not have a common refinement. To address this, we will construct a canonical filtration X can such that:
(1) each topological stratification is a refinement of X can , (2) applying Deligne's construction with respect to X can yields a complex J can satisfying [AX2 ′ ], (3) J can is X-clc for any stratification X. The existence of such a complex J can implies Theorem 1.1 as follows. Suppose S is X-clc for some stratification X of X and S satisfies [AX2 ′ ]. Then S satisfies [AX1 ′ ] with respect to X by Proposition 4.11. Similarly, the complex J can described above also satisfies [AX1 ′ ] with respect to X. By Corollary 4.6, S and J can are canonically isomorphic in D b c (X). If T is the complex obtained by applying Deligne's construction to any other stratificationX, then T satisfies [AX1 ′ ] with respect toX and satisfies [AX2 ′ ] by Proposition 4.11. It follows that T is also canonically isomorphic to J can .
Construction of the Canonical Filtration
We will construct the canonical filtration X can inductively. For each 1 ≤ m ≤ n, let W m be the largest set of points in X which admit a neighborhood homeomorphic to R 2m and let X m = W m . Set X can n−1 = X − W n . Now, suppose that X is CLC. Let V = V ′ ⊔ W n−k and define X can n−k−1 := X can n−k − V . Notice that X can n−k−1 is closed in X. Lemma 5.1. X can n−1 is a union of strata for any stratification X. Proof. Fix a stratification X. Recall that X can 1 = X − W n . Since X is a union of strata, it suffices to show that W n is a union of strata. We claim that W n is a union of the strata S r which in the normal direction, look like R 2n−2r . If x is contained in such a stratum, then x has a neighborhood homeomorphic to R 2n . Conversely, if x has a neighborhood homeomorphic to R 2n and S r is the stratum containing x, then by possibly shrinking the neighborhood, we see that S r must look like R 2n−2r in the normal direction. Proposition 5.2. For 0 ≤ k ≤ n, we have (1) For any stratification X, X can n−k−1 is a union of strata, (2) dim C X can n−k−1 ≤ n − k − 1, (3) Z can n−k = (X can n−k − X can n−k−1 ) − W n−k is either empty or a 2(n − k)-dimensional topological manifold. (4) Let J can be the object obtained by applying Deligne's construction with respect to the canonical filtration X can and a local system L on n m=1 W m . Then J can | Z can n−k is CLC.
Proof. We prove (1)-(4) by induction on k. If k = 0, then X can n−1 is a union of strata by the previous lemma. Moreover, W n contains all of the n-dimensional strata of X by Lemma 4.12, so dim C X can n−1 ≤ n−1. This shows that (1) and (2) are satisfied. Since Z can n = (X−X can n−1 )−W n = ∅ is empty, (3) and (4) are also satisfied. Since U can k+1 − U can k is a topological manifold of dimension 2(n − k), Proposition 2.6 implies that
where the first equality holds since U can k+1 is open in X. It follows that H a (i ! x J can ) = 0 for a ≤ n − k. So (U can k+1 − U can k ) ∩ {x ∈ X m | H a (i ! x J can ) = 0} is possibly nonempty if and only if a > n − k. We conclude that
Since this is true for any k ≥ 1, we conclude that dim{x ∈ X m | H a (i ! x J can ) = 0} < a.
